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Abstract. Based on recent work of T. Draghici, T.-J. Li and W. Zhang, we 
further investigate properties of the dimension hj of the J-anti-invariant co- 
homology subgroup Hj of a closed almost Hermitian 4-manifold (M, g, J, F) 
using metric compatible and fundamental 2-form compatible almost complex 
structures. We prove that hj=0 for generic almost complex structures J 
on M. We also prove that hj is constant for almost complex structures J 
on M that are compatible with the same fundamental 2-form F. 

AMS Classification (2000): 53C55, 53C22. 

Keywords: Almost Hermitian 4-manifold, J-anti-invariant cohomology, met- 
ric compatible almost complex structure 

1 Introduction 

For an almost complex manifold (M, J), T.-J. Li and W. Zhang |30j intro- 
duced subgroups, Hj' and HJ , of the real degree 2 de Rham cohomology 
group H'^{M, M), as the sets of cohomology classes which can be represented 
by J-invariant and J-anti-invariant real 2-forms, respectively. Let us denote 
by /ij and hJ the dimensions of HJ and HJ , respectively. 

It is interesting to consider whether or not the subgroups Hj and HJ 
induce a direct sum decomposition of iJ^(M, M). In the case of direct sum 
decomposition, J is said to be C°° pure and full (see Definition 12. 2p . 

This is known to be true for integrable almost complex structures J which 
admit compatible Kahler metrics on compact manifolds of any dimension. 
In this case, the induced decomposition is nothing but the classical real 
Hodge-Dolbeault decomposition of //^(M, M) (see [7J). 

Note that there are topological obstructions to the existence of almost 
complex structures on an even dimensional manifold. For a closed 4-manifold, 
a necessary condition is that 1 — bi + b'^ be even [7], where bi is the first 
Betti number and b'^ is the number of positive eigenvalues of the quadratic 
form on i/^(M, R) defined by the cup product; hence the condition is either 
bi be even and 6+ odd, or bi be odd and b^ even. 

It is a well-known fact that any closed complex surface with b'^ odd 
is Kahler. This was originally obtained from the classification theory, but 
direct proofs have been given (cf. [12\ I25j). 



•Supported by NSFC (China) Grants 11071208 (Wang), 10871139 (Zhang) and 
11101352 (Zhu). Correspondence to: hywang@yzu.edu.cn (Wang). 



1 



2 



In dimension 4, it was proved by T. Draghici, T.-J. Li and W. Zhang 
|17j that on any compact almost complex 4-manifold (M, J), J is C°° pure 
and full. Further in [18], they computed the subgroups Hj and HJ and 
their dimensions h'j and hj for almost complex structures metric related 
to an integrable one. Using Gauduchon metrics |2H 122). they proved that 
the almost complex structures J with /ij = form an open dense set in the 
C°°-topoIogy in the space of almost complex structures metric related to an 
integrable one ( \18\ Theorem 1.1]). Based on this, they made two conjectures 
about the dimension hj of Hj on a compact 4-manifold: Conjecture 2.4 in 
|18j asserts that hj vanishes for generic almost complex structures J, and 
Conjecture 2.5 in [181 asserts that an almost complex structure J with hj >3 
is necessarily integrable. In particular, they have confirmed Conjecture 2.4 
for 4-manifolds with 6+ = 1 (see [HI Theorem 3.1]). 

In this paper we confirm Conjecture 2.4 in [18] completely (see The- 
orem [TTT] below). For this, let us consider an almost Hermitian manifold 
{M, g, J, F) where J is an almost complex structure on a 2n-manifold M, 
g an almost Hermitian metric which is J-compatible, namely, g{JX, JY) = 
g{X, Y) for all vector fields X and Y, and F is the fundamental 2-form 
defined by F{X,Y) = g{JX,Y) (hence F is also J-compatible). 

Let iT" be the space of all almost complex structures on M and denote by 
J'g, Jp and Jp respectively the spaces of (/-compatible, F-compatible and 
i^'-tame almost complex structures on M; namely, 

Jl = {J(^J\ g{JX, JY) = g{X,Y),yX,Y G TM}, 
j^ = {j F{JX, JY) = F{X,Y),yX,Y € TM}, 

J^p = {j F{JX, JX) > 0, VX e TM,X ^ 0}. 

It is well known that J'g, Jp and Jp are contractible Frechet spaces. See 
[3 El IDl [IZl Hg EH |33] for details. 

Using (7-compatible almost complex structures, we prove that for generic 
almost complex structures J, the dimension h~j vanishes. 

Theorem 1.1. Let M he a closed 4-'m'0'nifold admitting almost complex 
structures. Then the set of almost complex structures J on M with hj=0 
is an open dense subset of J in the -topology. 

Lejmi in [2H] studied the existence of a smooth family of extremal almost 
Kahler metrics compatible with a fixed symplectic form under the assump- 
tion of the invariance of the dimension of J-anti-invariant cohomology for 
almost complex structures J compatible with the same symplectic form. 

We shall prove (see Theorem 11.21 below) that, given any closed almost 
Hermitian 4-manifold {M,g, J,F), the dimension /ij is constant for all J € 
Jp; in other words, the dimension of J-anti-invariant cohomology is stable 
under deformation of almost complex structures in Jp. 

Theorem 1.2. Suppose (M, g, J, F) is a closed almost Hermitian 4-manifold. 
If J e Jp, then h^- = hj . 
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Note that the dimension hj is not constant under deformation of almost 
complex structure J in (see Remark I4.5p . When J is integrable, it 
follows from \n\ Proposition 2.15] that hj = and /ij = , where 
hh^^ and are (complex) dimensions of Dolbeault cohomology h]^^ and 

2 2 

, respectively. Note that is also called the geometric genus of the 
compact complex surface. As noted in [T7], together with the signature 
theorem ([7, Theorem 2.7]), this implies that if bi is even, then /i j = 6~ + 1 
and hj=b^ — l, and that if bi is odd, then hj = b~ and h~j = b~^ . Hence, 
for a complex surface {M,J), hj is a topological invariant, equal to ft"*" or 
b'^ — 1. Thus, by Theorem 11.21 we have: 

Corollary 1.3. If {M,g, J,F) is a closed complex surface and J € Jp, then 

I 6+ — 1, if 6i is even, 
h - = h J = < , 

^ \b+, if 6i is odd. 

Remark 1.4. In general, an almost complex structure which is F-compatible 
with an integrable one may be non-integrable. Indeed, Kim [23j proved that 
every closed symplectic 4-manifold (M, F) admits an F-compatible almost 
Kahler metric of negative scalar curvature. On the other hand, for a closed 
Kahler surface (M, g, J, F), we have the following estimate for the total scalar 
curvature: 

J^jS{g)df,g<4Trci{J)U[F], 

with equality if and only if the structure is Kahler, where ci(J) is the first 
Chern class of (M, J) depending only on the homotopy class of J, S{g) is 
the scalar curvature of g, and [F] is the cohomology class of F ([H O |8l 
[m [231 [36]). It follows that (cf. [201 [3ll [37] ) there exist no negatively scalar 
curved Kahler metrics on rational complex surfaces and 5^-bundles, although 
there exist on them negatively scalar curved almost Kahler metrics by Kim's 
results. In particular, A.-K. Liu [31] has classified symplectic 4-manifolds 
with 

ci(M)U[F] = /^^ci(J)AF>0 

and there are no examples beyond the standard ones furnished by rational 
complex surfaces and S'^-bundles. Since ci = for K3 surfaces and torus 
T^, by Kim's result, these surfaces give examples with 6^ > 3 which admit 
non-integrable complex structures J with h~j = b^ — 1. Hence one can drop 
the assumption in [281 Theorem 1.1] that hj is invariant under deformation 
of almost complex structure J compatible with a fixed symplectic 2-form. 

We thus propose the following modification of Conjecture 2.5 in [18j . 

Question 1.5. Suppose {M,g, J, F) is a closed almost Hermitian ^-manifold 
with hj > 3. Does there exist an integrable J S J'p? 

By Corollarv 11.31 we have the following question. 
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Question 1.6. Suppose {M,g, J, F) is a closed almost Hermitian 4-manifold 
with with hj = if bi is odd, and hj=b^ — lif bi is even. Does there 
exist an integrable J £ Jp ? 

For compact complex surfaces (M, J), 6+ is stable under the blowing up 
operation. By Corollary 11.31 this gives the invariance of /ij under blowing 
up. Similarly, one can do the blowing up operation on almost complex 4- 
manifolds (cf. [TJ [32] ) . Thus it is reasonable to ask the following question. 

Question 1.7. Is hj stable under the blowing up operation for non-integrable 
almost complex structures J on almost complex ^-manifolds? 

The rest of the paper is organized as follows. In §2 we recall definitions 
and preliminary results mainly as given in [I8|. In §3 we briefly discuss 
constructions of g- and -F-compatible almost complex structures. Finally in 
§4 we give proofs of Theorems 11.11 and 11.21 

Acknowledgements. The authors would like to thank T.-J. Li and 
K.-C. Chen for their help in sending reference papers. The second author 
would like to thank the East China Normal University and Qing Zhou for 
for hosting his visit in the fall semester in 2011. 

2 Definitions and Preliminaries 

Suppose (M, J) is a closed almost complex 4-manifold. One can construct 
a J-invariant Riemannian metric g on M, that is, g{JX, JY) = g{X, Y) for 
all tangent vector fields X and Y on M. Such a metric g is called an almost 
Hermitian metric for {M,J). This then in turn gives a J-compatible non- 
degenerate 2- form F on M by F{X, Y) = g{JX, Y), called the fundamental 
2-form. Such a quadruple (M, g, J, F) is called a closed almost Hermitian 
4-manifold. Thus an almost Hermitian structure on M is a triple {g,J,F). 
If the almost complex structure J is integrable, the triple {g, J, F) is called 
a Hermitian structure. If the 2-form F is closed (i.e., symplectic), then the 
triple {g, J, F) is called an almost Kahler structure. When the two conditions 
hold simultaneously, the {g, J, F) defines a Kahler structure on M. A metric 
will be called Hermitian, almost Kahler, or Kahler if it admits a compatible 
corresponding structure. 

Let n^{M) denote the space of smooth 2-forms on M, that is, the C°° 
sections of the bundle A^(M). Then J acts on $7^(M) as an involution by 

a{-,-) ^ a{J-,J-), aen^{M). (2.1) 

This gives the vector bundle splitting 

A^ = A+®A-, (2.2) 

where the bundles Aj are defined by 

A;^ = {a G A^ I a(J-, J-) = ±a{-, •)}• (2.3) 
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Denote by and respectively, the C°° sections of the bundles Aj 
and At, that is, the spaces of J-invariant and J-anti-invariant 2-forms. For 
a G 17 (M), denote by Oj and aJ, respectively, the J-invariant and J-anti- 
invariant components of a with respect to the decomposition ()2.2p . 

Remark 2.1. Note that A J is a vector bundle of rank two and A J inherits 
an almost complex structure, still denoted by J, defined by 

{Ja){X, Y) = -a{JX, Y), a G Aj. 

It is well known that, when J is integrable, /? G ZJ if and only if J/3 G ZJ . 
Conversely, if (M, J) is a connected almost complex 4-manifold and there 
exists nonzero (3 G ZJ such that J/3 G ZJ , then J is integrable (see [35|). 

T.-J. Li and W. Zhang defined in [30] the J-invariant and J-anti-invariant 
cohomology subgroups of H^{M;M.). 

Definition 2.2. (cf. [301 HTJ) Let Z^ denote the space of closed 2-forms on 
M and set 

zj:=z'^nn^, zj:=z^nnj. 

Define the J-invariant and J-anti-invariant cohomology subgroups by 

iJ± = {a G if^(Af;R) | there exists a G Z^ such that a = [a]}. 

We say J is C°^-pure if HjnHJ = {0}, C^-full if Hj + HJ = H^{M; M), 
and thus J is C^-pure and full if and only if 

H^{M;R) = Hj eHJ. 

Proposition 2.3. [TT, Theorem 2.3] For any closed almost complex 4- 
manifold (M, J) , the almost complex structure J is C°° -pure and full. 

Remark 2.4. Recently, Angella and Tomassini [2] showed that the Iwasawa 
manifold of dimensions 6 admits complex structures which are neither C°°- 
pure nor C°°-full. Other interesting examples appear in [3], showing, in 
particular, that the notions of C°°-pure and of C°°-full are not related. The 
first 6-dimensional examples of (non-integrable) almost complex nilmanifolds 
which are neither C°°-pure nor C°°-full were given by Fino and Tomassini 
[19j . Draghici, Li and Zhang [18] proved that C°°-pure property no longer 
holds even for Kahler J, if one gives up the compactness of the manifolds. 

Since (M, J, F) is a closed almost Hermitian 4-manifold, the Hodge 
star operator *g gives the well-known self-dual, anti-self-dual splitting of the 
bundle of 2-forms: 

A2 = A+eA-. (2.4) 

We denote by Q.^ the spaces of sections of A^ , and by a+ and a~ respectively 
the self-dual and anti-self-dual components of a 2-form a. Since the Hodge- 
de Rham Laplacian commutes with *g, the decomposition (|2.4|) holds for 
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the space 1-Lg of harmonic 2-forms as weh. By Hodge theory, this induces 
cohomology decomposition by the metric g: 

h\m;M.) = ng = n^ en;. (2.5) 

As in Definition 12.21 one defines 



= {ae H^{M;R) \ 3a e := Z'^ nQ^ such that a=[a]}. (2.6) 
For any ai, a2 £ Z^ such that [ai] = [02], we have ai,a2 € Ti^ and 

||ai-a2|P= / (ai - a2)A * (ai - 02) = ± / (ai - 02)^ = 0. (2.7) 
Jm Jm 



Hence 



and (12.51) can be written as 



-Zf - 



H'^{M- M) = © Hg. (2.8) 

There are the following relations between the decompositions (|2.2|) and (|2.4p 
on an almost Hermitian 4-manifold: 

A+ = R-F©A-, (2.9) 
A+ = R-F©A7, (2.10) 
A+nA+ = M.F, A7nA; = {0}. (2.11) 

See [H] for details. It is easy to see that Hj C Ti.^ and T-L^ C . 

Let 62 be the second Betti number, 6^ the self-dual Betti number, and b~ 
the anti-self-dual Betti number of M; thus 62 = 6+ + If [ai] = [02] G -f/^J 
with ai,a2 G -ZJ, then by (|2.7p and (j2.10p . we have ai = a2- Thus, for a 
closed almost Hermitian 4-manifold (M, g, J, F), there hold (see |17|): 

HJ = ZJ, h] + h-j = 62, h] > b', h-j < 6+. (2.12) 

Lejmi [27] recognizes Zj as the kernel of an elliptic operator on ilj". 

Lemma 2.5. [271128] Let (M, g, J, F) be a closed almost Hermitian 4-manifold. 
Let operator P : — ?> ilj be defined by 

P{i^) = py{d6ij) = {d6i^)j, 

where PJ : 0^ — )• Q.J is the projection, 6 is the codifferential operator with 
respect to metric g. Then P is a self-adjoint strongly elliptic linear operator 
with kernel the g-harmonic J -anti-invariant 2-forms. Hence, 

n-j = keiPepyidn^) = hj ®pyidn^). 
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In the case when (M, J) is a closed complex surface, by using Gauduchon 
metrics on {M, J) , we have that the subgroups are nothing but the (real) 
Dolbeault cohomology groups (see [21 [71 [T7| ) : 

Hj = hI'^ nH^(M;R), H] = {H'^f m H^f) ^ H^{M;R). (2.13) 

This gives the following relations between /ij and 6^ for complex surfaces. 

Proposition 2.6. [17, Proposition 2.15] If (M, J) is a closed complex sur- 
face, then /ij are topological invariants of M . Precisely, if bi is even, then 
h'j = b~ + 1 and hj = 6"*" — 1, while if hi is odd, then h~j = b~ and hj = b'^ . 

Let us denote the dimensions of H^'^ and h'^'^ by /i^'^ and h^p^^ , respec- 
tively. It follows from Proposition 12.61 that 

h+ = hY, hj=2hY. 
Together with the signature theorem [7] , we get 

\^ ~^ 1) if ^1 is even, ^_ < ^ ~ even, 
^ ~ \b-, if bi is odd; ^ ~ [b+, if bi is odd. 

Let Hj'^ denote the subgroup of which is orthogonal to HJ with 
respect to the cup product; that is, 

HJ'^ := {u;GZ+\J^,jUAa = yaG Zj}. (2.14) 

The following lemma will be used in §4. 

Lemma 2.7. \17\ Lemmas 2.4 and 2.6] Let {M,g) be a closed Riemannian 
4-manifold. If a ^ 17^ and a = Uh + dO + Sij: is its Hodge decomposition, 
then 

(^6*)+ = ((5-0)+ and (d^)" = -(#)". 

Moreover, 2-form a — 2{d9)'^ = is harmonic and a + 2{d6)j = + 2d9. 
In particular, if (M, g, J, F) is a closed almost Hermitian 4-fnanifold and 
a G HJ'^ , then a = fF + {dO)j for some function / ^ and a — d9 ^ Zj'. 

Remark 2.8. As a direct consequence of Lemmas 12.51 and \2.7\ we have 

'h; = hj®hj'^, 
Hj = Hj'^en-. 

3 g- and F-compatible almost complex structures 

In this section, let us fix an almost complex manifold (M, g, J, F) and briefly 
describe constructions of g- and F-compatible almost complex structures 
on M (note that g'-compatible almost complex structures are also called 
3-related ones [HI [IB] ); for details, see [SlimiTT]. 
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Recall that for a closed almost Hermitian 4-manifold {M,g, J,F), g and 
F are J-compatible, that is, g{J-,J-) = g, F{J-,J-) = F and F = g{J-,-). 
By a direct calculation, we have 

F^F = 2d^lg, (3.1) 

where d^g is the volume form of M determined by g. 

Let us recall that the almost complex structure J acts on the cotangent 
bundle T*M by J • a{X) = —a{JX), where a is a 1-form and X a vector 
field on M. Hence J induces an action J (8) J on (^'^T*M, still denoted by 
J. A section if) of the bundle (^'^T*M admits an orthogonal splitting 

^ = + (3.2) 
as the sum of J-invariant and J-anti-invariant parts, where 

V^-^'+(-,-) = ^(^(-,-)+V'(J-,^-)), (3.3) 
V^^'-(-,-) = ^(V'(-,-)-V'(^-,^-))- (3.4) 
In particular, the bundle of 2-forms decomposes under the action of J as: 

A2(M) = A+(M) e A7(M), (3.5) 
and the symmetric tensor bundle of type (2, 0) decomposes as: 

52 (M) = 5+(M) e 57 (M). (3.6) 

Let us first construct g'-compatible almost complex structures using sec- 
tions of the bundle of J-anti-invariant 2-forms. Given a G Oj, define tensor 
field Ka of type (1, 1) by 

g{X,K^Y) = a{X,Y). (3.7) 

It can be checked that Ka and JKa are skew-adjoint. It follows that 1(1+ J 
is invertible ([26j). Define tensor field Jq of type (1, 1) and 2-form F^ by 

Ja:={U + JKa)-^J{U + JKa), F„ :=5(J„.,.). (3.8) 

The J a and F^ so defined have the following properties. 

Proposition 3.1. |26[ Proposition 1.5] Given a G Oj, we define the norm 
function \a\ G C°°{M) of a by a Aa = 2\a\^d^g, i.e., 



|ap = (a A a)/{2dfig). 
Then the and Fa defined by kS. t^) satisfy: 

g{JaX,JaY)=g{X,Y), 

J -i^j 

1 + ar 1 + ar 
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Remark 3.2. The Jq,'s are sometimes called ^-related almost complex struc- 
tures (cf. [I7l[18]). Note that the fibre bundle Z of all ^-compatible almost 
complex structures is called the twistor space of {M,g, J) (see [1]): 

Z = {J e SO{TM) I J2 = -id} = S0(rAf)/U(2); 

so the twistor fibration vr : — )• M is an S*^ bundle. By using (/-related 
almost complex structures one can study the twistor space of Riemannian 4- 
manifolds, complex structures on Riemannian 4-manifolds, Gromov-Witten 
invariants for Kahler surfaces and the dimension of J-anti-invariant coho- 
mology of closed almost complex 4-manifolds (cf. [n\ [T8l [26} 134]). 

Now we construct F-compatible almost complex structures by using J- 
anti-invariant symmetric tensor fields of type (2,0). Suppose /i is a J-anti- 
invariant symmetric tensor field of type (2,0), that is, 

h{X,Y) = h{Y,X), h{JX,JY) = -h{X,Y) 

for all vector fields X and Y. Define tensor field of type (1, 1) by 

g{X,ShY) = h{X,Y). (3.9) 

Then we have ^S^ = Sh, since 

g{X, ShY) = h{X, Y) = h{Y, X) = g(Y, S^X) = g{ShX, Y) . 

Similarly, we have Sh = JShJ, that is, 

ShJ + JSh = 0. (3.10) 

It follows that, for /c = 1, 2, • • • , 

Sf-^J+ JSf-^ = 0, Sfj - JSf = 0. (3.11) 

Define tensor field Jh of type (1,1) by 

:= Je^f- = e-^'^J. (3.12) 

Then j| = Je^^e~^^J = = -Id. Define tensor field gh of type (2,0) by 

gh{X,Y)=g{X,e''^Y). (3.13) 

Then g^ is J/i-compatible, since 

gh{JhX,JhY)=g{Je^'^X,e^'^e''^KJY)=g{Je^'^X, JY) 

= gie^'^X, Y) = g{X, e^'^Y) = gh{X, Y). (3.14) 

We claim that F is J/j-compatible. Indeed, we have 

F{JhX,JhY) = g{J o J oe^^X,e-^^^JY) = -g{e^^ X^e'^'- JY) 

= -g{X,JY)=g{JX,Y) = F{X,Y). (3.15) 
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It follows that (with gj^ and g'^ defined by the corresponding sums) 

oo ^ oo ^ 

gniX, Y) = g{X, Y) + ^ Sl'^^Y) + J] ^9{X, SfV) 

= g{X,Y)+gl{X,Y)+gl{X,Y). 

By ()3.1ip . we have 

gl{X,Y) = -giiJX,JY), gUx,Y) = gl{JX, JY). 

Proposition 3.3. Let h be a J -anti-invariant symmetric tensor field of type 
(2,0), and let Sh he the tensor field of type (1,1) defined by g{X,ShY) = 
h{X, Y). Then ^Sh = Sh and JSh + ShJ = 0. Furthermore, 

is an F-compatihle almost complex structure and the corresponding almost 
Hermitian metric gh{-,-) '■= F{',Jh ) = g{',e^'^-) is Jh- compatible. 

Note that is also called an F-calibrated almost complex structure (cf. 
[5]), and gh an associated metric of F (cf. [9l|10]). Audin [5] gives another 
construction of F-compatible almost complex structures. For any symmetric 
tensor field 5 of type (1, 1) satisfying \\S\\ < 1 and JS + SJ = 0, tensor field 

Js := J(id + S){U- S)-^ (3.16) 

is an i^'-compatible almost complex structure. 

Remark 3.4. J'p is the space of sections of a bundle over (M, J) with fibre 
the Siegel upper half-space Sp(4, M)/U(2), which has an Sp(4, ]R)-invariant 
Kahler metric. Using deformation of i^'-compatible almost complex struc- 
tures, many authors have studied extremal almost Kahler metrics and almost 
Kahler metrics of negative scalar curvature (see [T3t [T ^ \T5 \ \23 \ [271 1^)- 

4 Proofs of Theorems 11.11 and 11.21 

In this section we present proofs of Theorems 11.11 and 11.21 

We first prove Theorem 11.21 by deforming almost complex structures 
within the F-compatible ones. 

Proof of Theorem 11.21 Suppose {M,g, J,F) is a closed almost Hermitian 
4-manifold. Note that, by ()2.9p - (|2.1ip . we have the following (pointwise) 
orthogonal decomposition 

A2=MFeA7eA+. (4.1) 
We define the subgroup H^'-^ of i7^(M;M) by 

H^'^ = {a G H^{M; R) \ 3a £ such that a = [a], a A F = 0}. (4.2) 
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Given Ji, J2 € Jp, let gi = F{-, Ji-), i = 1,2. By ([iJ]) . we have 
A2 = MFeA7eA-, i = l,2. 

It follows that F is pointwise orthogonal to AJ. © A~, i = 1,2. Hence F is 
orthogonal to HJ, © and thus HJ_ © 7^^. C H^'-^, i = 1,2. 

On the other hand, if / [a] £ H^'^ C H^{M; M) and a A F = 0, then, 
by Lemma 12.71 and Remark 12.81 we see that a does not contain any element 
in HJ^'-^, 1 = 1,2. It is easy to see that H^^^ n H^^^ = {0}, i = 1, 2. Thus 

a is orthogonal to Hj' with respect to cup product. Then [a] S 
and hence Hi © D H^'^ , i = 1,2. Hence H^^^ = H7 e i = 1, 2. 
Since dim'H" = h~ , i = 1,2, it follows that /ij^ = /ij^. This completes the 
proof of Theorem 11.21 □ 

To prove Theorem ll.il let us first describe the C°°-topology on the space 
of C°° almost complex structures on M. For A; = 0, 1, 2, • • • , the space 
iJ^ of almost complex structures on M has a natural separable Banach 
manifold structure. The natural C°°-topology on J°° is induced by the 
sequence of semi-norms || • A; = 0, 1, 2, • • • . With this C°°-topology, ^7"°° 
is a Frechet manifold. A complete metric which induces the C°°-topology 
on ^7°° is defined by 



k=0 

For details, see [3 HBl [33] . 

Proof of Theorem 11.11 Let {M,g, J, F) be a closed almost Hermitian 4- 
manifold. Note that HJ C H^ and hence hJ < 6"*". We may assume > 2, 
since the case where = 1 has been proved by T. Draghici, T.-J. Li and 
W. Zhang (cf. [Ml Theorem 3.1]). 

To prove the density statement, we may consider a family Jt, t € (0, 1) 
of almost complex structures on M which is a deformation of J, that is, 
Jt ^ J as t ^ 0. 

If /ij = 0, then as noted in [18], we can establish path-wise semi- 
continuity property for /ij which follows directly from Lemma 12.51 and a 
classical result of Kodaira and Morrow ([SI Theorem 4.3]) showing the up- 
per semi-continuity of the kernel of a family of elliptic differential operators. 

Therefore hi = for small t. 

■Jt 

We now assume that hJ > 1. Let us write m := hJ and I := — m. We 
shall construct a family of (7-compatible almost complex structures { Jc} C 

where c are cut-off functions to be chosen such that hi = and Jc J 
in the C°°-topology as c — > 0. 

First, suppose that m {= hj) < b^ . Then Hj ^ and 

I = dimifj'-^ = 6+ - m > 1. (4.3) 
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For each nonzero [u] € Hj ' we set 

U:={oo,F) eC^iM). (4.4) 

Then, by Lemma [Ml fu> ^ 0. Set 

Sj:={[co]eHy^\f,^co' = l}. (4.5) 

Then Sj is a sphere of dimension ft"*" — m — 1 = / — 1. Define a function 
y : 5j — >■ M as follows: for any uj £ Sj, 

V{u) := vol (M \ f-\0)) = /a,\^-1(o) di^g. (4.6) 

Then V is a continuous function on Sj. When HJ''^ is non-empty, 

6j := inf F(w) > (4.7) 

since 5j is compact. Let ai, • • • , £ -^j be such that [ai], ■ ■ ■ , [a^] is an 
orthonormal basis of Hj with respect to cup product. Choose 

[ui],- ■ ■ ,[uji] e HJ'-^, l = h^-m 

such that [ai], • • • , [om], [^^i], • • • , [^^i] form an orthonormal basis of T-L^ with 
respect to cup product; namely, for 1 < i < m and 1 < j < 

!m = Im = 1 > Im a = 0, (4.8) 
and, for 1 < ii ^ 12 ^ nT- and 1 < ji ^ J2 ^ ^ 

/a/ ^ = Im «ii ^ «i2 = 0- (4-9) 

To complete the proof of the density statement in Theorem ll.il we need 
the following lemma which is a special case of a theorem of Bar. 

Lemma 4.1. [Bl Main Theorem] Let M be a closed Riemannian ^-manifold. 
Then every harmonic 2-form a on M has the unique continuation property. 
Hence if a ^ 0, then its nodal set a~"'^(0) has empty interior; in fact, a~^{0) 
has HausdorjJ dimension < 2. 

By Lemma [4. H the set IJI^i '^^^i^) Hausdorff dimension < 2. Hence 

M' ■.= nT=i{M\ai\0)) 

is an open submanifold of M of full volume: vol(M') = vol(M). Choose an 
open set U C M' such that vol(C/) < 5j. Then aj\u , 1 < i < m are nonzero 
sections of Aj \ 

We now construct a new ^-compatible almost complex structure on M 
(cf. [T71 L26j ) . Choose a cut-off function ci such that suppci C U and 

\ciai\ < 1. (4.10) 
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Then, by Proposition 13. H we get 



1 — Iciaip 



^-1 ^c,a, = \^r^^ + 1^1^ |2 ^1«1- (4-12) 

1 + |ciai|"^ 1 + |ciQi|^ 
Thus it is easy to see that, as ci ^ 0, 

Je, ^ J, ^ F. (4.13) 

Note that G Jg'^ n J^,. 

We claim that HJ^ C //J. Since Jc^ is ^-compatible, we have 

Hl,'^K = Hj®Hy^. (4.14) 

Given any nonzero /3 G , there exist real constants and rjj such that 

/3 = ELi^i'^i + E^i^jai> (4-15) 

where 1 < i < I and 1 < j < m. Without loss of generality, we may assume 
that 

lM^' = EUiCnET=iV] = l- (4.16) 

Obviously, {j3,Fc^) = 0. Restricted to M \ supp ci , we have = F- On 
M \ supp ci , we get 

(/^>-^ci)|Af\ suppei = 1 '^i (^i 1 I M\ supp ei = 0- (4-17) 

If Yl\=i ^i^i ^ -^j is nontrivial, then we put 

/3i = ^=^^^^^ (4.18) 

Obviously, /3i G Sj. By (liTTl) and (liTSl) . fp^ = {(3i,F) = 0, restricted to 
M \ supp ci . Hence M \ fj^^{0) C supp ci C U. It follows that 

y(/3i) = vol(M \ f-^\0)) < vol(C/) < 6j, (4.19) 

contradicting the definition of 6j (see (|4.7p ). Therefore £,i = for 1 < i < Z 
and (3 = X^jLi ^jOj- Thus we have proved that if HJ ^ then Fl~j^ C -ffj. 



Remark 4.2. In [18j , T. Draghici, T.-J. Li and W. Zhang have considered 
^-related almost complex structures: if almost complex structures J and J 
are ^(-related then A J + A J C A+ and hence if J + Fi^~ C Fi^ . 

Secondly, if B.~j = then we construct any Jc^ and Fc-^ such that 
HJ C -ffy. In summary, we have obtained the following 
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Proposition 4.3. Let {M,g, J, F) be a closed almost Hermitian 4-nianifold. 
If hj > 1, then we can construct a g-compatible almost complex structure 
Jci where the volume o/suppci is small enough, so that 

The fohowing observation is the key for the computation of hj^ . 

Proposition 4.4. ([18, Proposition 3.7]) Suppose J and J are g-related 
almost complex structures on a closed 4^-manifold M , with J ^ it J. Then 

dim{Hj nHj) < 1. 

Let us return to the proof of the density statement in Theorem ll.il Since 
Hj C Hj, it fohows from Propositions 14.3 1 and 14.4] that hj < 1. 

Without loss of generality, we may suppose that hj^ = 1. Choose [a] G 

HJ^ such that fjyjCt^ = 1- We then have dimHJ^^ = b'^ — I, and by the 
same reason as that for (|4.7p . 

5j^^ := inf^^ V{u;) > 0. (4.20) 

Choose a cut-off function C2 such that supp C2 C M\a~^(0) (by Lemma HTT]) 
and that 

vol (supp C2) < (4.21) 

Construct 

such that Fj^^ A Fj^^ = 2dfig. It is easy to see that J and Jcj are both 
g-compatible (g'-related) ; thus Jcj € fl J'p . 

We claim that /iT = 0. Otherwise, there exists nonzero B G H7 . 
Then, by the above construction and by Proposition l4.3| F[J^^ C HJ^ ; hence 
/3 G HJ^ , (3 = r]a, rj 0, and 

(/3,F,,)^0. (4.22) 

Restricted to suppc2, we have Fc^ = /i-^ci + C2a. It follows that 

(/3,Fc2)|suppc2 = (T/a,C2a) = 2r]C2\a\'^dfj,g. (4.23) 

Thus a~^(0) D suppc2, contradicting Lemma BTTl Hence hj^ = 0. 
This completes the proof of the density statement in Theorem 11.11 



Remark 4.5. By the proof above, in contrast to Theorem II. 2^ for any 

closed almost Hermitian 4- manifold {M, g, J, F), we can find a family of 
almost complex structures {Jc2} C v7^ n J'p on M which depend on both 
of the cut-off functions ci and C2 such that hj^ = and — )• J in the 
C°°-topology as ci — and C2 — > simultaneously. 
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It remains to prove the openness statement in Theorem 11.11 The case 
fe"*" = 1 is proved in [18] . Suppose > 2. Suppose that Jfc — )■ J as — )■ cx) 
and that 

rrik ■■= hj^ > 1. 

We need to prove that hj>l. Suppose hj = 0. Then b'^ = — h~ . Let g 
be a J-compatible metric and set F = g{J-, •). Let tp^, ■ ■ ■ G H'^ be a 
cup-product orthonormal basis, that is, 

fj,,ij' Ai;^ =6ij, l<i,j<b+. (4.24) 

Note that = Hj ® Hy^. Since h'j = 0, by Lemma EH V'* = fF + 
PJde\ where 9^ e^^. Set 

9k = \{9{-, ■) + 9{Jk-, Jk-)), Fk = 9k{Jk-, •)• 

Then {gk, Jk, Fk) — )■ {g, J, F) as A; — )• oo. Since ruk = hj^ > 1, we may choose 
an orthonormal basis 

{^^'(^)}l<i<6+-mfe U {a'(/c)}6+-mfc+l<i<b+ 

of "H^ with respect to cup product. Denote by A'^ the Hodge-de Rham 
Laplace operator associated to gk and by the Green operator associated 
to A'^. Then, as done in [181 Proof of Theorem 3.1], 

= (^^ _ G''(A>'^^)) + G'^(A'=^*) = + (4.25) 

with V'hfc •= V'* - G''(A^?/j*) the gjt-harmonic part and Vexfc •= G''(A^?/;*) 
the g'fc-exact part. Thus V'h fc ~^ V'* and ipl^ ^ — > as A; — )■ oo. Moreover, if 
(V'h /c)^ denotes the g'fc-self-dual part of V't, fc' then we still have (V'h k)~^ ~^ ^* 
as /c — )• oo since ip^ is (7-self-dual harmonic form. So there exist al{k) € M, 
1 < Z < such that 

(V'U)^= E «KA;yW+ E (4.26) 

and 

((V^^,,)+,Ffc)= 5^ aK^)(c.'(^),Ffc)=:r(A:). (4.27) 
1=1 

Since Fk ^ F and (•i/'h a;)^ — > as A; — > 00, we have P{k) — > /* as /c — 00. 
Note that V* = fF + Pyd9\ By (IMD . we have 

py^d^nA:) = ^7, EKr'"'= aK^)^^'(^)> (4-28) 
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where 9\k) G n^{M). Note that V* G HJ'-^ = Ug, i = 1, ■ ■ ■ ,b+ . Then 

r + PyM\k) G \ HI (4.29) 
and (V'h,fc')'^ ^ V'*) ("^h,*:)^ - (V'h,^')'^ as A; oo. Hence 

/ i^ikf A (V'^,, V ^ / A = 1 (4.30) 
as A; — >■ oo. On the other hand, 

b+ 

«,kf = {K,kf+ E <^KkWik). (4.31) 

l=b+ —rrik+l 

It follows that 



6+ b+ 



JM 

„ 6+ 
JM 

since /ij^ > 1 by a direct computation. Note that 

/ « J"" A (^^)+ ^ 1, / i^lkY/^ii^ikf^l 
Jm Jm 

as A; — >■ cx). Hence 

Kik)f^O (4.32) 

as A — )■ oo. Note that Jj^^'tp^ A V'"' = ^ij and (V'hfc)'*' — >■ V'* as A — >■ oo, for 
l<i<b+. Thus, 

/ i^ikf A (<,)'" = E «K^)«^ (fc) ^ '^.i (4.33) 

as A oo. Denote by A{k) the 6+ x 6+ matrix: A{k) = (a|(fc)). Then 

B{k) = A{k)A{ky = ( Eti ^maj{k)) ^ V (4.34) 
as A ^ +00. Thus A{k) A e S0(&+) as A -> oo. Hence A^ G S0(6+) and 

Er=i«K^)«m(^)^<^;m (4.35) 
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as /c — 7- oo. In particular, as A; — ?• oo, 

Er=i<(fc)'^l- (4.36) 

This contradicts ()4.32p . Thus we get hj >1. 

Thus the almost complex structures J with = form an open subset 
of J7 in the C°°-topology. This completes the proof of Theorem II. 1[ □ 
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